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Introduction

Particle methods

Widely used for transport equations, especially for kinetic equations

o Quite easy to implement, even for high
dimensions

o Lower computational cost than Eulerian methods
(DG, Backward or Forward semi-Lagrangien
schemes...)

o Main drawback : noisy solutions

Outline

O Particle methods
O LTP method

© FBL method
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Particle methods

Particle methods

Transport equation (conservative form)

dp+ V- (ap) =0, p(0.) =" W
with a : RT x R? — R? smooth (a; € L™ (0, T; Wh>)).

Principle of particle methods

If p°(2) = 6(z — 7p), then the measure solution of (1) is given by
p(t, 2) = 6(z = Xo,q, (1))

where X; ,,(t) = F*'(xp) is the charateristic line starting from y :

d

_stg t = thszo t
L ¥onll) =alt, X, (1)
XS,IO(S) =Zp
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Particle methods

Particle methods
Consequence: discretization of (1)

o We choose (w, 70)1<r<n such that p°(z) ~ pf) = Zw26(a: — )
For example (deterministic initialization)
W=tk (keZY, W)= D)

o Then the solution p(¢, z) is approximated by

Zw 5(z— Xi(1))  with {X’;(t):a(t’x’“(t))

2(0) = ]

Remark

For equation 0;p + V - (ap) + agp = 0 the weights evolve according to

wy,(t) + ao(t, Xi(t))wi(t) = 0, w(0) = wl )
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Particle methods

Regularization

Convolution kernel

Let € > 0 and ¢, such that / ve(z)de =1,
Rd
: Loy .
Typically, we take p.(y) = -a¥ (g), with
o ¢ a spline fonction (Bl or B3)

@ or ¢ a troncated Gaussian

pe even.

Smooth particle approximation of p

N
pre(ta) = Y wnpala—a(t)
k=1

(= [ o(1)de) 1
@0 —h/2,a0+h/2
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ticle methods

Smooth Particles methods

Choice of € 7

14

12

10

— = SP approximation
SP approximation
SP approximation
Exact solution

a4l |
2+ 1
0
-1.0 -0.5 1.0
.
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Particle methods

Convergence of smooth Particles methods

If o € W™l is such that [ =1, [ |z]|"|¢(z)|dz < +oo and for a certain
m>0,7r>0

/a:fl...msdgp(xl,...,xd)dxzo, |kl =k 4+ - +kg<r—1

then the following error estimate hold :

T h "
lon.e = Pl (0, 7yxre < Cr (6 0%l wr.oe + <€> |pO|Wm,oo>

o With h ~ g, weak convergence of the density only

o For a given ¢, strong convergence requires h < ¢ (h ~ el/e, g < 1)
= require a huge number of particles N (N ~ ﬁ)
= implies extended particle overlapping
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Exemple of a "noisy" Smooth Particle simulation

Numerical resolution with a SP method of the 1D-aggregation equation

0
p + 97 (pu) =0
u(t,z) =—W'%p (2)

p(0,2) = p’(x)

where W(z) = \xal — %, (a,b) = (4,2.5), with N = 100 particles, € = h.

6| 6|

10 ~05 0.0 0.5 10 10 —05 0.0 05 10

pg’g ph.e at steady state, with SP method
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Particle methods

Denoising particle methods

o re-initialize the particles on a phase-space grid.

o new particles = regular nodes

o) = Soinla D) o) = ) = Sl u(z-oD)
with w;™™* = a, ,(p}) depends of values of p} on a local stencil around z.
=

. but numerical diffusion is introduced

o Crouseilles, Respaud, Sonnendriicker Fo

2008 ]

o Cottet, Etancelin, Perignon, Picard,
2014 ; Cottet 2018

N
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LTP (LTPIC) method

o Original idea of Perthame and Cohen (2000) : tranform the shape ¢. of
particles in order to better follow the flow

o LTP (and QTP) method developped in the context of the Vlasov-Poisson
system (divergence free flow) by M. Campos-Pinto (JSC 2014, JCP 2014).

=3 _Exemple of a shape deformed with a linear flow

-1 =T
a \\/4
1 -2

2 -3
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Idea of LTP method

o The solution of equation (1) is given by p(t) = F%!#0°, ie

p(t,z) = j*°(2)p" (F& ()

with

0 0 0 0 1 Ir— Ilg
PO~ = by Phale) = 7\
k

o Introduce a linearization of the forward flow around z
0, 3 3 ,
Fiin g : z — () + Ji(z — ay), Jp = J%(x))
and transforme the shape of each particle according to the linearized flow
t 0.t 0
Phk = Flin,k#‘ﬂh

Then
h(9) = gz o GO =)

deformation
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LTP method

LTP representation of p(t™,-)

n n : n 1 Dn n
o) = Sretate)  with (o) = e (o o
k

o Dy : "Deformation matrix"; D,(C’ = lixd

o A : 'volume of particles"; hY = h?

Computation of the approximated Jacobian matrix
o Compute D = D=1 (JP~1)=1 where JP~ !~ J8" 1" (g0 1)
p k= Pk k , S )

Js,t

- (2) = du(t, F*(2))1* (2)

using for example

o or directe FD using current positions of particles approximation

-1
n _en
DTL _ Ik+ €j Tp— ej
ko 2h ’
1<ij<d
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LTP method

Passiv flow

If pO € Wl,OO(Rd)’ a € Loo([o7 T], WQ’OC) and div(a) =0, with z' = Fg);t"(m,g)
then
lop = pllls < Ch (C = C(T,]Ip° | wr=,))

usw,7(t, ) = cos (Zf) curl (psw(z)), dsw(z) = — sin? (72, ) sin? (1)

SP solution LTP solution
Npart =4-10% t = T/2, Arernap = 10AL

v
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LTP method

Passiv flow : idea of the proof

o Approximation operator : Ay : p° — pO(z) =3, wkcpg’k(x) such that
1406° = Pl < ChI e
o Let denote S, = Supp(¢) ;) and

hk = = F; t”(Sg,k) U F}?:Z"(S}?,k)

Overlapping (K, () : set of overlapping particles at location z) :

(]

Kqp (= SuUp #Icn(x)7 K:n(x) = {k € Zd’ S Z}?,k}-
zeR?

o Error on the Forward flow :

— O’ n
er" = sup [ Fet = Fyy Lo (s0 )

FETAETT 5 0
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Vlasov-Poisson system
of

a%—v-axf%—E-@Uf:O, 8xE(t,x)=1—/f(t,1:,v)dv
R

f(t,z,v) : density function in electron, t € [0, T]

o FE given by

E(t,g;)z/OLK(x, 9) (1—/Rf(t,y,v)dv) dy,

@ bounded support in v-dimension, L-periodic with respect to x
° fO c WQ’OO(RQ)
o global neutrality relation

/OL (/Rfo(w,v)dv—l) dz = 0.

FETAETT 5 0
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LTP method

Vlasov-Poisson system

Theorem [GH Cottet, PA Raviart, 1984]
Using SP method, one has

sup ||Ep(t) — E(t)||z +sup || Z(t) — FEH ()| < Crh
te[0,T] k

Theorem [M. Campos-Pinto, F.C, 2014]
Using LTP method, one has

sup B +1/2 = B(tuy12) 1 +sup |12 — E& ()| < Cr (b2 + A)
0<n< T/At k

and provided At < v/h, the particle approximation of the phase space density
satisfies
At?

i = foxll e 2y S b+ W
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Loss of locality in LTP method

Evolution of the shapes of particles

Density _LTP at time t=1.5

1.0
0.5
0.0
-0.5

-1.0

= necessity of periodical remappings
29/11/2018 19:25:06
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FBL method

We consider here the equation

Op+a-Vp=0,  p(0,-) =p (3)

The exact solution is given by

p(t,z) = p° (F*(2)) (4)

Use a approximation of the backward flow F'(z) (for all z) directly in (4) !! J
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FBL method

o "Particles" are pushed forward like in Particles methods : (z}})
o Reconstruct of the backward flow at time ¢, on a grid (&;);ez :

FeOE) ~ B = i

where
k*(n, 1) := argminy, ||z} — &]|
and
tn,0 _
T ) + D (z — zt), Dj} ~ (JFS),:"(:U,?)) !

o (optional) Reconstruct a backward flow for all z with a partition of unity

Y Sn(z—&)=1,and
ZB" )Sn(z — &)

o Define a FBL approximation of p™ by

pi(z) = p° (B (2))
29/11/2018 19:25:06 19 / 26



FBL method for a passiv flow

Theorem [M. Campos-Pinto, F.C, 2016
The FBL approximation of order 1 (LFBL) satisfy

loh — plllse < Ch?

Key argument
LTP estimate is based on the bound

- N

1
n,0 ns ;0 ny
lwilllen(Fyg (2)) = on(Fe @) < lwllenlipl Fri — Féllzssy ) S A

whereas for FBL we have

lpo (B (2)) = po(Fe (@) < 10° Ihip er™

20 / 26
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FBL method

FBL method

Npart = 4-10%, T =5, At = 0.05, Atrepmap = 1.5

LTP solution

FBL solution

F. Charles 29/11/2018
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FBL method

FBL method

Npare = 105, T =12, At = 0.12, Atrepmap = 2

particles on time step nt = 50 (t=6.0)

“dat_flles/viz_run=100_1000x1000_parts_50.dat u 1:2:3

08
06
04
02

0 02 04 06 08

particles on time step nt =100 (t=12.0)

“dat_filés/viz_run=100_1000x1000_parts_100.dat' u 12:3
08
06

F. Charles

29/11/2018

f on time step nt = 50 (t=6.0)

‘dat_files/viz_run=100_1000x1000_f_50.dat' u 1:2:3

fon time step nt = 100 (t=12.0)

dat_files/viz_run=100_1000x1000_f_100.dat u 1:2:3

08
06
0.4
02

19:25:06
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FBL method

Error estimates for the reversible "swirling" velocity field ugw 7
! m\u\m\b 3 i ]
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FBL method

FBL for Vlasov-Poisson system

Two stream instability fo(z, v) = (1 + ecos(kz)) 1)2\/%6*”2/2, e=0.5, T =45.

LTP, Dt, =1 LTP, Dt, =2 LTP, Dt, =8

F. Charles 29/11/2018 19:25:06 24 / 26



FBL method

Conclusion
o LTP methods improve accuracy ... but still need remappings
o QTP even better ... but very costly

o FBL methods: enhanced locality, less remappings are needed

Next prospects
o Multiscale method

o Extension to diffusion equation and Vlasov Fokker-Planck

» linear Fokker Planck-Planck-Landau operator
PFE(f)(v) = V- (Vof (v) + 0f (v))
» mnon linear kernel Ly (f)(v) = Vo - ((ap * [)Vof(v) — (by % )f(v))
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FBL method
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